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TiO,
a=b=4.594 A; c=2.959 A Space group P4,/mnm

Aperiodic unit (unit-cell content): two Ti (1,3) and four O (2,4,5,6)
Asymmetric unit: one T1 (1) and one O (2)
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Translational symmetry: set of lattice points or
lattice vectors 1




Translational symmetry — direct lattice — set of lattice vectors 1
3
I1=/a+la+tha,=2 [ a; (/s 15, I; : 1nteger numbers)
1
a;,a, a;, (a,b,c): unit-cell basis vectors

V=a -(a,xa)=a, (a;xa)=a; (a xa,) =
abc (1 - cos?a - cos? - cos?y+ 2cosa cosff cosy)!/?

X, =2, Xsi 4

X, 15X 9, X 3 (X, ¥y Zg): atomic fractional coordinates (real numbers)

Xsl:XS+l

9

X, : position vector of s-th atom in the reference unit-cell
X, . position vector of s-th atom in the I-th unit-cell
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s=4, 1=[120]




Scalar product of vectors in the oblique lattice reference:

10 10= (%, [V a)- (T,1®a)= %, [V, a

ij i

a,-a=a;a;cos(a,a)=G,=G;; metric matrix component
2 — — —
P=11=>. qlila-a

= [,2a*> + 1,2b* + 1,°c* + 21, L,abcosy + 21, l,accos B+ 21, 1,bccos o =

=>. 11 G.= 1G]l squared length of a lattice vector

ij "’ - =
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Reciprocal lattice

3
h=ha +tha, +tha,”=> h a’; (hl, h2,h3 : integer numbers)
1
h : reciprocal lattice vector
a’,a,",a,” (a’,b’,¢): reciprocal unit-cell basis vectors
a’ =(1/V)a,xa, *
a2*=(l/V) a, X a, — a -a=o,
a, =(1/V)a, xa,
Wave vector space

K=2.K(2rna")=2.K.b; K,,K, K, : real numbers
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* * * %k * * *Y\ ., . . .
G, =a; -a =a; a; cos(a;,a’); reciprocal metric matrix component

G'=G! =1y
W=h-h =3 hhara*=73 hhG*=

= h2a™ + h,2b* + hy?c* + 2h hya*b*cosy *+ 2h hya*c*cos f* +
2hyhb*c*cosa™

The scalar product of a direct and a reciprocal lattice vector 1s
an integer number

I-'h=(2./a)- (Zjhj aj*) = Z..l.h.al.-aj*=

y-rJj

=>..1h, 517 =2 1Lh = [1hy+lyhy sk,

ij it AR
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Rotation axes consistent with translational symmetry

A O B
® ®

21/n Q -27/n

A’ B’

A’'B =mOA=mOB ;
A’B’ =20A’ cos (2n/n) = 20A cos (2n/n) = m OA

2cos (2n/n) = m (integer number)
As —1<cos(2n/n)<1, then -2<m<2, and m = -2,-1,0, 1, 2.

By solving for n, the solutionsare n=1,2,3,4,6
ASCS2006 Spokane - Michele Catti



32 crystallographic point goups

Triclinic | Monoclini | Orthorho | Trigonal | Tetragonal | Hexagonal | Cubic
C mbic
1 2 3 4 6
L |2°m 5 a6
2/m 4/m 6/m m 3
mm?2 3m 4mm 6mm
222 322 422 622 23
432
3m 42m 6 m2 43m
mmm 4/mmm |6/mmm |m3m
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Cubic point groups:
symmetry axes and mirror planes
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Symmetry operator § : rotational R and translational # components

U
S = {R|t]
Matrix notation: "|=R-| y |+t

10 0 0 %’ = x
R=|0 1 0 t=[1/2 <y =yt
0 0 -1 0 | zZ'=-Z

IZ
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Glide planes: R=m t=1/2
a. t=a/2; b: t=D>b/2; C:

n: t=(a;ta;)/2

ﬁ'

W
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Screw axes l

_____ x

/ ______ 55 7/30 2 70/ o 7 /40 // ]/ !2(?,__./
P i : 3 _ 3¢ : 5
S g NS _
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[l=~
Il

=

Fourfold screw axis 4, along z (4, // [001])

| ™~
I

I ™~
Il
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Space group P2 ,/m

O~ O
R Q----mmmpmmn e ROSELEEER — o
O.+ .O+ O.+ .O+
< L O O] -
O -O
R O--memmmebeee O ------- ——
o+ -0 o+ -OF

Shift of the origin by b/4
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Space group P2 ,/m:

derived from point group 2/m by combination with the P monoclinic
lattice, and replacement of the 2 axis by the 2, screw axis

Origin on the mirror plane Origin on the symmetry centre
1. X,Y,Z X,Y,Z
2. X,-Y,Z X,"2-y,Z
3. -X ,V2ty,-Z -X ,V2ty,-Z
4, -X ,V2-y,-Z X ,-Y,-Z
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Monoclinic P and C Bravais lattices l

primitive

centred
C | (non

5 b/primitive)
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14 Bravais lattices l AN
Triclinic P l ﬂ
Monoclinic P, C l 1' g%.

m -
Orthorhombic P, C, F, [ ;
p a

Tetragonal P, [ l °%;.. ._ g

Cubic P, F, I} y! doatlel L]

Rhombohedral R I
Hexagonal P
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Dih 4/mmm Tetragonal
P4,/m2 /n2/m

Patterson symmetry P4 /mmm

& &
+®— +®-
D~ @+
-_ L+ —
______________ —1 © & &
Yoy
FOF,
2
—————————————————— —-—% @ ? 619
4.@— +-®..
-+ -+
© &)
Origin at centre (mmm) at2/m12/m
Asymmetric unit i=meaete ) oy <o itz o ey
Symmetry operations
(1) 1 2 2 0,0,z (3) 4(0,0,3) 0,3,z 4 4°(0,0,3) 3,0,z
) 240, 2, 0shgss (@) 230,07 xi; (M2 xx0 ® 2 xx0
9 1 0,0,0 (10) m x,y,0 (11y 452 0y £.0,% (Y4 f=m i) - 1
(13) n(3,0,3) x,4,2 (14) n(0,3,3) W0z (15) m x 7.2 (16) m x,x,z
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Generators selected (1); #(1,0,0); ¢(0,1,0); £(0,0,1); (2); (3); (5); (9)

Positions
Multiplicity, Coordinates Reflection conditions
Wyckoff letter,

Site symmetry Ginerilt

16 & 1 ({ieres (2) ¥,7.2 BG)yF+3x+5,z+: @ y+iE+5z+3 Okl : k+l=2n
(el 7,212 @ =t L pkiaizar: ez (8) 7,%,2 007 - I =72n
9) %.5,2 (10) x,y,2 @By L7+ 5 20h (O E+h ) e e ar
(AN x+55+52+3 (D ELiy+az+31 (155,52 (16) y,x,z
Special: as above, plus
% m 5 o x,X,Z f+i1,x+5,2+3 x+3,X+i,z+ 1 noextra conditions
X+ 5%+3,2+3 X+3,5+3,7+3 ki X
".': § I m. x,,0 x,7,0 y+ix+4,1 y+ 35,5+ 3,3 no extra conditions
8 I+Ly+5E x+Ly+53 0 wx0 ¥, %0
Y a2 0,1,z 0,3,z+3 3,0,74+1 10,7 hkl : h+k,1=2n
_g Doz abs e
§ d ¢ m.2m Xm0 ey e X+5,X+3,3 no extra conditions
| 4 om.2m x,x,0 Fiva0 I+ix+41,3 x+3,%+1,3 no extra conditions
“g’ € omm 00 tAEBC o H0G Wkl he+k+1=2n
S g 1. 0 ons S0 e R : bkl = 2n
Q.
) & e 2(m 0,100y Q8 1ih ! L0 ; hkl : h+k,1=2n
O :
o b m. mm 0,0,; 1,3,0 hkl : h+k+1="2n
o
:}l) G amomm . 0.0,0 4.1 ] hkl : h4+k+1=2n
8 Symmetry of special projections
< Along [001] pdgm Along [100] ¢2mm Along [110] p2mm
iil\'_:‘:a ‘b'=b a=>hb bi=tc a=;(—a+bh) =



« General position:

set of symmetry-related points not lying on any purely
rotational symmetry element; their number (multiplicity) 1s
equal to the order of the symmetry group

U

All symmetry operators act on the general position

« Special position:
set of symmetry-related points lying on one or more purely
rotational symmetry elements; the multiplicity is equal to
the order of the symmetry group divided by the product of
multiplicities of all symmetry elements on which each
point lies
U

The symmetry operators corresponding to symmetry elements
on which the points lie do not act on the special position

ASCS2006 Spokane - Michele Catti 22



T10, - space group P4,/ mnm

X y zZ
1-Ti(1)| 2a |0 0 0
3 - Ti(2) Y, v, v,
2-0(1) | 4 103048 [0.3048 | 0
4-0(2) 0.1952 |0.8048 | %
5-0(3) 0.6952 |0.6952 | 0
6 - O(4) 0.8048 |0.1952 | %
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